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<**] ■ Abstract 

Consider a random walk among random conductances on Z rf with d > 2. We study the quenched 
limit law under the usual diffusive scaling of the random walk conditioned to have its first coordi- 
nate positive. We show that the conditional limit law is the product of a Brownian meander and 
a (d — l)-dimensional Brownian motion. 

> 
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versibility 
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1 Introduction and results 

In this paper we study random walks on a d-dimensional integer lattice with random conductances. 
One can briefly describe the model in the following way: initially, weights (i.e., some nonnegative 
numbers) are attached to the edges of the lattice at random. The transition probabilities are then 
defined to be proportional to the weights, thus obtaining a reversible Markov chain; due to a well- 
known correspondence between reversible Markov chains and electric networks, the weights are also 
called conductances. We refer to the collection of all conductances as "environment". This model 
attracted considerable attention recently, and, in particular, quenched (i.e., for fixed environment) 
functional central limit theorems and heat kernel estimates were obtained in rather general situations, 
see e.g. [TJ [2J HI [TTJ and references therein. To prove the quenched functional CLT, one usually uses 
the so-called corrector approach, described in the following way. First, one constructs an auxiliary 
random field (which depends only on the environment), with the following property: the sum of the 
corrector and the random walk is a martingale, for which it is not difficult to show the CLT. Then, 
using the Ergodic Theorem, one shows that the corrector is likely to be small in comparison to the 
random walk itself. 
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While this approach has been quite fruitful, it also has its limitations, mainly due to the fact that 
the construction of the corrector is not very explicit. For example, the similar problem of proving the 
quenched CLT for the random walk with i.i.d. conductances in half-space seems to be still open, even 
though a similar continuous space-and-time problem was solved quite recently [14J. It is therefore 
important to go beyond the usual setup, proving other types of limit laws. In this paper, we continue 
the line of research of [8] (which was, by its turn, mainly motivated by where a one-dimensional 

model with random conductances (but with unbounded jumps) was considered. 

We now define the model formally. For x, y E Z d with d > 2, we write x ~ y if x and y are 
neighbors in the lattice 7L d and we let be the set of unordered nearest-neighbor pairs (x, y) of Z d . 
Let (w&)bei d be non-negative random variables; P stands for the law of this family. We assume that P 
is stationary and ergodic with respect to the family of shifts (9 x ,x S The quantity w& is usually 
called the conductance of the edge b. The collection of all conductances uj = (ujb)ben d is called the 
environment. If x ~ y, we will also write u Xj y to refer to the conductance between x and y. For a 
particular realization oj of our environment, we define ir x = Yly^x 00 ^^- Given that tt x £ (0,oo) for 
all x 6 Z rf (which is P-a.s. the case by Condition E below), the random walk X in environment oj is 
defined through its transition probabilities 

r ^ if y ~ x, 
Q U [x,V) "jo,* otherwise, 

that is, if P£ is the quenched law of the random walk starting from x, we have 

P*LY(0) = x] = 1, K\X{k + l) = z\ X(k) =y}= q u (y, z). 

Clearly, this random walk is P-a.s. reversible with the reversible measure {ir x ,x £ Z d ). Also, we denote 
by the quenched expectation for the process starting from x. When the random walk starts from 0, 
we use the shorter notations P^E^. 

In order to prove our results, we need to make the strong ellipticity assumption on the environment: 



Condition E. There exists k > such that, P-a.s., k < wo,x < K 1 f° r x ~ 0. 

At this point we mention that under Condition E, we can apply Theorem 1.7 of [5] to the random 
walks Y(n) := X(2n) and Y'{n) := X(2n + 1), to obtain that uniform heat kernel lower and upper 
bounds are available for this model. That is, there exist absolute constants C\, C2, C3 and C4 such 
that P-a.s., for tiEN, 

C\ ^ f _ c \\x - y \ 
n d/2 \ n 

and if \\x — y\\i < n and has the same parity as n, 
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C^y)>%^v{-cJ^^} (2) 

with || • || the euclidian norm and || • ||i the 1-norm on "L d . These estimates will be very useful to prove 
technical lemmas in Section [21 

For all n > 1, we define the continuous map Z n {t) = ((Z™(t), . . . , Z^(t)),t G [0, 1]) as the natural 
polygonal interpolation of the map k/n 1— > o~~ l n~ l l 2 X(k) (with o from the quenched CLT, see for 
example 0]). In other words, 

a^Z n {t) = X{[nt\) + (nt - [nt\)X([nt\ + 1) 
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with ['J the integer part. Also, we denote by WW = (Wi,...,Wz) the d-dimensional standard 
Brownian motion. Next, denoting by C([0, 1]) the space of continuous functions from [0, 1] into M. d , by 
£b(C([0, 1] ) , M) (respectively, <£%(C([0, 1]),R)) the space of bounded continuous (respectively, bounded 
uniformly continuous) functionals from C([0, 1]) into M and by B\ the Borel <7-field on C([0, 1]), we 
have the following result, which is referred to as quenched Uniform Central Limit Theorem (UCLT): 

Theorem 1.1 Under Condition E, the following statements hold and are equivalent: 

(i) we have F-a.s., for all H > and any F G £ 6 (C([0, 1]),K), 



lim sup 

n ^°° xe[-Hs/n,HVn\ d 



,[F(Z n )]- E[F(W^)} 



0; 



(ii) we have F-a.s., for all H > and any F G <£%{C([0, 1]), R), 



lim sup 



E^[F(Z-)]-£;[F(W( d ))] 



0: 



(mj we have F-a.s., for all H > and any closed set B, 



lim sup sup P dx uj[Z n £ B] < P[W W e B]; 

(iv) we have F-a.s., for all H > and any open set G, 

liminf inf Pg u [Z n G G] > P[W W G Gl; 

n->oo xe[-H^n,H^n\ d 

(v) we have F-a.s., for all H > and any A e B such that P[W^ G &4] = 0, 



lim 



sup 



Pe x u[Z n e A] - P[W^ G A] 



0. 



The UCLT will be useful in order to prove the main result of this paper (see Theorem 11.21 below). 
Denoting X = (X%, . . . , X^), we define 



f = mi{k > 1 : X^k) = 0} 



and 



A„ = {f > n} = {Xi(k) > for all k = 1,. . . ,n}. 

Consider the conditional quenched probability measure Q™[ ■ ] := P w [ • | A n ], for all n > 1. For each n, 
the random map Z n induces a probability measure on (C[0, l],£>i): for any A G £>i, 

MA) := QZ[Z n G A]. 

Let us next recall the formal definition of the Brownian meander W + . For this, define t\ = sup{s G 
[0, 1] : Wi(s) = 0} and Ai = 1 - -q. Then, 



W + (s) := A 1 1/2 \W 1 (t 1 + sA 



< s < 1. 



We denote by ® ^W(d-i) the P r °duct law of Brownian meander and (d — l)-dimensional standard 
Brownian motion on the time interval [0, 1]. Now, we are ready to formulate the quenched invariance 
principle for the random walk conditioned to stay positive, which is the main result of this paper: 
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Theorem 1.2 Under Condition E, we have that, F-a.s., /i™ tends weakly to Pyy+ ®Pyv{d-i) as n — >• oo 
(as probability measures on C[0, 1}). 

In the next section, we prove some auxiliary results which are necessary for the proof of Theo- 
rem 11.21 In section [31 we give the proof of Theorem 11.11 Finally, in Section 01 we give the proof of 
Theorem 11.21 

We will denote by C\, C2, ... the "global" constants, that is, those that are used all along the 
paper and by 7, 71, 72, • • • the "local" constants, that is, those that are used only in the subsection 
in which they appear for the first time. For the local constants, we restart the numeration in the 
beginning of each subsection. 

Also, whenever the context is clear, to avoid heavy notations, we will not put the integer part 
symbol [-J- For example, for 5 £ (0, 1) we will write X(6n) instead of X([Sn\). 

2 Auxiliary results 

In this section, we will prove some technical results that will be needed later to prove Theorem 11.21 
Let us introduce the following notations. First, for a, b £ Z, a < 6, we denote by [a, 6] the set [a, 6]nZ. 
Vectors of Z d will be denoted by x, y or z. For x £ Z d we denote by x\, . . . , x,i its coordinates and we 
write ei, . . . , for the canonical unit vectors of Z d . For I £ M, we denote 

m =! { x = ( x u---^d)ez d : Xj = [i\}, if z > 0, 

ih \ {x = (x 1 ,...,x d )£Z d :x j = -[l\}, if Z < 0, 
for j £ [l,d]. If F C Z d , let us define 

t f = inf{n > : X(n) £ F} 

and 

t£ = inf{n > 1 : X(n) £ F}. 

We first prove the following lemma, which gives a uniform lower bound for the probability of progress- 
ing in direction ei before backstepping to the hyperplane {0}i. 

Lemma 2.1 There exists a constant C5 > such that we can choose a sufficiently small v > 
(independently of I) in such a way that we have F-a.s., Pw[t{( i;+1 )^ 1 < t^J > C5 uniformly in 
y £ for all integers I > 1. 

Proof. We will prove that there exist a constant 7 > and I* > 1 such that we have, P-a.s., for a well 
chosen v > 0, P^, [T/( t)+ i'wi 1 < T{o}J > 7 uniformly in y £ {/}i, for all integers I > I*. By Condition E, 
the statement of Lemma 12 . 1 1 easily follows from this result. 

For the moment, let v £ (0, \) and fix I > 1 such that vl > 1. Then, consider w £ (v + 3Z~ 2 , 1]. 
We start by writing 

p£b-{(«+i)ih < mil ^ p'^M 2 ) > (« + iMoh > 

> P^XxH 2 ) > ( w + 1)/] - P^[r {0}l < W / 2 ]. (3) 

Next, let us define v := [wl 2 \ if [wl 2 \ is even or v := [w/ 2 J + 1 otherwise. In the same way, we define 
p := [vl\ if L^J is even or [vl\ + 1 otherwise. Observe that in any of these cases, 

P£[Xi(u>J 2 ) >(v + > p*[Xi(y) >i + p\- (4) 
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We will bound the term of the right-hand side of ([5]) from below. For y G Z d , we denote by V(y) 
the set of vectors z G Z rf that satisfy the following conditions: Z\ — y\ > p, \\y — z\\\ is even and 
\\y — z\\i < u (observe that, as w > v + 3/~ 2 , V(y) is not empty). We have for y G {l}i 

pv[Xi(v)>i + P ]= *l[x(y) = A 

zeV(y) 
z£V(y) 

= ?eA x (y) = u \- (5) 

ue-p(o) 

Applying ([2]) to the last line of ©, we obtain 



Vl[X 1 (v)>l + p]>^- 2 exp{-C 4 ll? ' 



|2 



r 2 2 2 2^«= 1 X ° V d 2 

EE" E exp{-4 Cl £^ 



.P+2 X2= o x d =0 

2 



XI 



^/L/o ••7o exp{-4C 4 ^L-}^... d x, 



T>v[X 1 (y)>l + p]>-£ ... exp{-C^u 2 i jdu d ...du 1 . 



Now, making the change of variables Uj = 2f 1//2 Xj for i £ in the last integral we obtain 

Since w > v and wl > 1 we have i/ > 1. Further, -u;Z 2 > 2 due to the definition of w. Hence 

P»X a (*/)>J + p >-f / / .../ exp{ -QV^U.Jm. (6) 

For the term P^t^q^ < wl 2 ] of equation ([3]), we use the following construction. Let 1Z be the 
reflection with respect to hyperplane x\ = 0. Consider the reflected environment u constructed 
from oo in the following way: 

u) x>y if x\ > and y% > 0, 
w-Rx,iiy otherwise. 

Let us denote by X the random walk in the environment Co and let f{o} = inf{n > : X n G {0}i}. By 
construction of Co, we can couple X and X in such a way that we have for any y G 

Pl[r {0}l <n}=Pl[f {0}l <n} 

= P£[f {Q}l < n,Xi(n) < 0] +P^[f {0}l < n,Xi(n) > 0] 

< P&Xifn) < 0] +P^[f {0}l < n,*i(n) > 0]. (7) 
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Then, denoting by T n the set of paths of length n starting at y and touching the line {0}i and with 
endpoint in the half plane x\ > and by T' n the set of paths of length n starting at y and with 
endpoint in the half plane x\ < 0, we have by construction of oj 

P^[f {0}l < n ,X 1 (n)>0]= E P lM 

7er„ 

= E 

= P|[r Wl <n,X x {n) < 0] 

<P?[Xi(n)<0]. (8) 

Then, combining ([7]) and ([5]) we deduce 

P^[r {0} <n]<2P|[l 1 (n)<0]. (9) 
By ([9]) and using ([1]) (which are still valid for the environment uj) we obtain 
Pl[r {0}l <wl 2 ]<2Pl[X 1 (wl 2 )<0] 

2Ci ^ r „ (ii-0 2 ln^ / ^ ( x * ~ y*) 2 \ 

^ e ex p { - C2 i^j-) n E ex p{- c2 ^2j-) 

L J x-i<0 L J !=2 3 ; i eZ L J 

2d ~ ( fx 1+ i) 2 *-- 



^E-p{-4}n£-{-# (10) 



Next, we show that it is possible to find a finite positive constant 71 such that 

/~i 2 00 -2 



i=0 

for all x > 0. To prove this, it is enough to show that there exists 71 such that 

' C 2 (x + l) 2 - - ~ 2 



71 exp 



}^ xp {- C2 hkl < 12) 



2 [U.PJ J - 1 I z [«>' 



for all x > 0. We can see that if 71 > exp{C2[«^ J 1 } then inequality (fT2|) is satisfied. Since LzcZ 2 J > 1, 
we can choose 71 as an absolute constant by taking 71 > exp{C2}. Using (fTUj) and (fTTj) we obtain 



P£[r { o h < < 2C l7l rf (g) 2 f i exp { - ^i 2 }^ 

2 i^ 2 J 1/2 

< 72 / exp - -^t 2 \dt (13) 
for some positive constant 72. Combining Q, (UJ), ([6]) and (fT3j) we obtain 

p ^[ r {(^+i)«}i < r {o}J > -^z / / • • • / ex P 1 ~ C4 E u * r Md • • • dui 

z JlAiV^vw- 1 / 2 JO JO 1 i=1 J 
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r>oo 

72 ' 



' w 

Let 



/ exp{-^i 2 U. (14) 
J(u ) := / / • • • / ex P i ~~ ^4 / w i r d«d . . . c?ui, 

yiA4v^i!U)-l/a 7o JO 1 J 

and observe that for fixed iu, we have J(f) — >• J(0) > as v — > 0, since the integrated function 
is continuous and positive on its domain of integration and the domain of integration of J(0) has 

d(d-l) 

Lebesgue measure bounded from below by 2 2 Let 

m = 1SJ r i/i «p{-f ( '}*<i^}. 

Now, since ui € (v + 3/~ 2 ,l], we can choose w smaller or equal to if only if v + 3/ -2 < 77*. If 



1/2 

w < \ a sufficient condition is to choose I sufficiently large in such a way that I > I A 

6 \V* 



Then, if / > we can choose a sufficiently small w in such a way that the second term of the 

right-hand side of (|14p is smaller than \^^r^-- Once we have chosen w, we can choose v sufficiently 

1 /2 

small in such a way that J(v) > We obtain for all I > (^-^j , 

WT { ^ mi <T {0h ]>\^W>0. 

This shows Lemma 12. 11 □ 

For e £ (0, 1], we denote N := [£y/n\ ■ We next prove an upper bound for the probability that the 
hitting time of the hyperplane {iV}i is larger than £2«, given A n . 

Lemma 2.2 There exists a function f = /(e) with lim e _>o e ~ 2 f( £ ) = such that we have F-a.s. 

limsupP^-q^ > £^n \ A n ] < /(e). 

Proof. Fix a£ and let A\ = {t^q 1 < r {o} 1 }- We have 

?u[t{n}i > I A n ] 

= ft 1 (Pu[t{ N } 1 > e^n,T {2 -i N}l > a£^n,A n ] +P w [r {Af}l > e^n,T {2 -i N}l < a£^n,A n ] 
< p u;[ r {2- 1 Af}i > oi£^n I A n ] + 1 ] Pu J [t{ N } 1 > ^n,r {2 -i N}l < a£^n,A 2 -i N ,A n }. (15) 
Then, we have by the Markov property 

Pu>[t{ N } 1 > ^ri,T{ 2 -iN} 1 < a£in,A 2 -i N , A n ] 

Y X(t {2 -i n}i ) = y,T {2 -i N}l = k,r {N}l > £ 1 2n,A 2 -i N ,A r 

2/e{2-iiV} lfe < Lae i nJ 



Yl Y Pw T Wi > £ ' n ' An I X ( T {2- 1 7V}i) = Z/j^-iJVh = k , A 



2' 1 N 
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x P w \X(t {2 -i n}i ) = y, t {2 -i n}i = k, A 2 -i N 
= Y Y p H T {Nh > £ ^ n - k,A n -k]Pu, X(t {2 -i n}i ) = y,r {2 -i N}l = k,A 2 -i N 

y^- 1N hk<[aein\ 

< max max PI[ti n \ 1 > e*n - k, A n - k ]Pu>[A 2 -iN}- ( 16 ) 
ye{2 ijv>! fc < Lae ^ nJ 

Now, let us bound from above the term P^frj^v^ > e^n — k, A n _fc] uniformly in y £ {2~ l N}\ and in 
k < [ae^n\. Observe that, since e £ (0, 1], we have 

p «[ r {JV}i > - k,A n _ k ] <PI[t {n}i > (1 - a)e2n,A (1 _ Q)n ] 

< P^hohuWi > (l-a)e3n]. (17) 

Let 5 := f3~ 1 £, where /3 is a positive constant to be determined later. Then, consider e small 
enough in such a way that 5 < (1 — a)e 1 / 2 . Then, divide the time interval [0, [(1 — a)e 1 ^ 2 nj] into 
intervals of size [<5 2 nJ. Denoting by 5(0, N) = U=T 1>'}l> we obtain by the Markov property 

p w[t{o}iU{jv}i > (l-a)e5 n ] 



_ '- ■ ■ '- - ■■■■ 



L<S 2 nJ 



T{o}iU{Nh i IJ {(i-l)[5 2 n\,i [5 2 n\ ] 



8=1 



^ L(l- a ) E tL] 



/ J(l-«)E^- 2 j 



L<5 2 nJ 

II P^hoii^AT}! £ ((i - l)[5 2 n\,i[5 2 n\} \ t {0}iU{n}i $ (0, (t - 1) L^ : 

i=l 

L(l-a) £ i5- 2 j 

P,'lnm,i i/ati, > I 

.zeS(0,AT) 

for all sufficiently large n. Using ([1]) we have for all z £ 5(0, N) 

K[r { o }l u{Nh > ^ ^ K[X(5 2 n) € 5(0, N)} 

= Yl K[X(S 2 n)=x] 



2 n| 



< 



xeS(p,N) 

C x v-^ r ^ ||z-x| 12 - 



LJ2 n j<i/2 

L J xES(0,N) 



E «p{-« M S L }- < 19 > 



Let us define 

|2 



5 = Y exp { - C 2 

xeS(o,N) 



\z — x\ 



S 2 



n 



Using the fact that < z\ < N, we have for all sufficiently large n such that 5 2 n > 1 

b- £ «p{-*^}...«p{-<*^} 

xe5(0,Af) 
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xi=l i=2 Xi£Z 

f N r v? i d f +oc r x 2 i 

< 72^-^^/, (20) 
where I = exp | — C2j$r^du and 71, 72 are independent of n, e and 5. We have 

1 = Sn^ J * "expj -^u 2 }du. (21) 

Combining (fT9j) . (pQ|) . ([2Tj) and recalling that A 7 = L^V^J) we have 

KimMNh > S 2 n] < 73 exp { - ^-u 2 }du (22) 

for some positive constant 73 independent of 5/e. Since e/S = f3, let us choose the constant /3 such 
that 



73 



/ ^v{-^u 2 }du<\. 



Thus, for e sufficiently small such that (3 1 e < (1 — a)e 1 / 2 , we obtain by ([18 

P«b"{0}iU{JVh > ( X _ < (5 

From (fT5|) . we deduce 

P w [r {Ar}l > e^n I A n ] < P w [r {2 -i^ }l > ae^n | A n ] + (-) P W [K] ( } 

Then, we will find an upper bound for the ratio in the second term of the right-hand side of (|23p . By 
the Markov property we have 

p P ri A " ] 1 > P -I A « I A ^n] > PSt^Oh > »]" ( 24 ) 

P w L4 2 -ijvJ ye{2-iAf}! 

Let A' > e and let A 7 '' = [A'-^/raJ . We start by noting that for any y G {2 _1 A^}i we have by the Markov 
property 

p U T {0h >n]> P^[r {0}l > n,T {N , }l < r {0} J 

> m A m Kho}i > nKhN'h <r {0}l ]. (25) 



Let us now bound from below both terms in the right-hand side of (|25p . 

We first show that we can choose a sufficiently large K in such a way that PJ,[t{o} 1 > n] > 1/2 
uniformly in z E {N'}\. For this, consider the reflected environment u constructed in the proof of 
Lemma l2.1i Using (pQ), we have 

< 0] < £ E exp { - Cj^l^] f[ E «P { " 

xi<0 i=2x^1 
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< 74 



d/2 
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/*oo j.2 /*oo 2 

X, exp { - c ^}*n / { - (^) 



for some positive constant 74. Using ([9]) and ([26]) we obtain 

for some positive constant 75 independent of K and n. Choosing X sufficiently large so that 

/CO ( C } 

^ exp[-yi 2 }cft< 1/2 

we obtain 

P^{oh>n]>i (27) 

uniformly in z G {iV'}i. Now going back to equation (|25|) . we now show that with probability of 
order e 7 with 7 > 0, starting from the line {2 _1 iV}i, the random walk reaches the line {N'}± before 
reaching the line {0}i. By Lemma [2 .1\ we can choose v G (0, 1) small enough such that for every I > 1, 
Pu[ T {(i+v)i} < T {o}\ — with u G Now consider, the following sequence (Uj)j>Q of hyperplanes 
defined by 

f [/ ={(l + ? ;)L2- 1 iVj}i 
\ I7 i+1 ={(1 + 1;)^}!. 

Let j* the smallest j such that £/j > K^/n. Using the induction relation, we obtain that j* + 1 < 
ln _1 (l + v) In — for n sufficiently large. By convention, set U-\ = {2 _1 N}i. By the Markov property, 
we obtain that uniformly in y G {2 _1 iV}i, 

r 



Pl[T{N>h < r {Q}l ] > P^[f|{ r ^ < r {0}J 



8=0 

>H( min ?Z[r Vi < r {0}l 
1=0 

> ^In-^l+t/llnf 
£ \ 77 



) (28) 



K 

for some constant 77 > 0. Combining ([25]) . (f27|) . and (|28|) we deduce 
Then by (JH, ([Ml) and (|29|) we obtain 

1 1 /1\ L(l-a)e"^/3 2 

Pa;[r {A r }l > £2 n | A n ] < P w [r {2 -i A r }l > | A n ] + 2K" 17 E 77 ( - 



2, 

< P w [r{2-ijv }l > ae^n I A n ] + AK^e^ [l\ ' . (30) 



In (l- Q ) £ -i/3 2 
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By the same argument, we can deduce that for all j > 1 we have 

p ^[ r {2^JV}! > oPe^n | An] < P w [7{2-(»+i)jv} a > aP +1 e*n | A n ] + 4A" 77 
Iterating (f30j) using (I5T]) . we deduce 



£ \ -77 / 1\ (l-a)/9 2 e~^(4ay 



2* 



P w [r Wl >^n|A„]<4^^(- 

3=0 



"77 /1\ (l-a)/3 2 £-5(4ay 

.2, 



(31) 



(32) 



for sufficiently large n. As a G (|,1), the last series is convergent. Define the function / in the 
statement of Lemma 12.21 as 



f(e) :=2K^J2 

3=0 



-77 f\\ (l-a)/3 2 e~^(4ay 

2> 



Using the dominated convergence theorem, it is straightforward to show that lirn e _>o e 2 /( e ) = 0. 
This proves Lemma 12.21 □ 

In the next lemma, A?" still stands for • However, the quantities (like a, 5, j3, ...) defined in the 

proof of the lemma are not related (if no explicit reference to Lemma [2.2l is made) to the corresponding 
quantities defined in the proof of Lemma 12.21 The next lemma controls the "transversal fluctuations" 
of X 2 , ...,X d , given A n . 

Lemma 2.3 There exists a positive and finite constant C% such that we have P-o.s. 

limsupP w max sup |Aj(j)| > C%e~*N | A n < g(e) 

rwoo U6[2,d] j< T{N}l -I 

with lim e ^o ^~ 2 g(^) = 0. 

Proof. First, observe that, by symmetry, it suffices to show that there exists g' = g'(s) such that 



lim sup P u 

n— >oo 



sup \Xi(j)\ >C 6 e~2N\A n <g'(e) 



(33) 



with lim £ _j.o e 2 s'( e ) = f° r some i G [2, dj. For the sake of simplicity, let us take i = 2 in the rest of 
the proof. Fix e^ 1 / 2 > 2 and a G (|, 1). We introduce the following sequence of events 

G k = { sup \X 2 (j) - X 2 (r {2 . kN}l )\ < e-^a k N] 

je(T {2 _ fcjv}i ,T {2 _ fc+liV}i ] 

for k > 1, with the convention that sup^j-} = 0. Then, we denote by B 5 k the event 

{ T {2-k N } 1 < <M n {r {2 -k N}l < r {0}l } 

for 5 G (0,1] and k > 1. 

Now, observe that on the event BqD (C)k>iGk) we have that sup J<T{jv} | ^2 ( J ) I < e -1 ^ 2 jz^N since 
a G (|, 1). This implies that 



1 a 

sup \X 2 (j)\<e~2- N I A n 



1 — a 



^n(f| Ga) I A„ 



fc>l 
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In order to prove Lemma 12.31 we will show that Pu>[Bq n (n k >iG k ) | A n ] tends to 1 when e — > 0. We 
start by writing 



B S n ( f| G k ) I A n ] = P w [Bq I A„] - P., [B s n ( fl G fc ) c I A n 

k>l 

oo 

> P U [B S Q \A n ]-J2 MB S n G£ | A n ]. 



k>i 



(34) 



fc=i 



Then, we have by the Markov property 
P„[B S n G% I A„] < P u [B* k n Gl I A„] 



1 



rPw [B k , G k , A. 



P W [A. 
1 



P [a"T Pw B kiG c k ,A n ,T {2 -k N}l = j, X(T {2 -k N}l ) = y 



1 



P^[A r , 



^ P ^ G fc) A n I £fe,7"{2-fciV}i = J' X ( T {2- k N} 1 ) = V 



3<Y&n\ i/e{2- fe JV}i 



X P„ 



r^n E S P -f sup l(A(i)-y)-e 2 | > £ -la fc AT,A 



X Pu 

< — p— max max P* 

Po;[A n J j<[5nj 3/ e{2- fc JV} 1 



B k^{2- k N} 1 = h X i T {2- k N} 1 ) = V 



max \(X(i) -y)-e 2 \ > e~2a k N,A n - 



{2~ k + 1 N} 1 



< 



P*[Bl] 



max 



P: y 



sup \(X(i) - y) ■ e 2 \ > £ } >a k N, A (1 _ 5) „ 

{2- fc + 1 iV} 1 



P W [A„] ye{2-*>Nh 

We have by the Markov property 

^| > P. [A n | B\] > min P^[r {0}l > „]. 

By the same argument which we used in Lemma 12.21 for the term mm ye ^ 2 - 1 N} 1 P^[ r {o}i > n ] ( c ^- the 
derivation of (|29p ) we obtain 

!«M<« 1 r— r 

P w [A n ] " 7l v e 

for some positive constants 71, 72 and AT from Lemma 12.21 Now, we need to bound the terms 



(35) 



i<r 



sup \{X{i) - y) ■ e 2 \ > e 1/2 a k N,A {1 _ 5)r 



{2~ k + 1 N} 1 



from above, uniformly in y G {2 fc A}i. In order not to carry on heavy notations we treat the case 
7/2 = 0. However, as one can check, the bound we will obtain is uniform in y G {2~ fc A}i. Let 



E k = {(«!,. . . ,x d ) G Z d : x 2 = ±[e~ l 2a k N\} 
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We start by writing 

P y J sup \X 2 (i)\ > e-^a k N,A {1 _ S )n \ = K^E k < r {2 -h+i N}l ,T {oh > (1 - 6)n] 

t<T {2 - k + lN)i 

= p li T E k < r {2 -k+i N}l ,T {0}l > (1 - 5)n,T {0}l > T Ek ] 

+ P U T E k < T {2 -k+i Nh ,T {0}l > (1 - S)n,T {0}l < T Ek ] 

< *l[TE h < r {2 - k+lN}lU{0}l ] + Pl[r Ek > (1 - 5)n). (36) 
Let us bound the first term of the right-hand side of (|36p from above. To do so, we first write 
p U T E k < 7"{2- fc + 1 Af} 1 U{0}J 

We treat the first term of the right-hand side of (|37p (the method for the second term is completely 
similar). Let L G (2,e -1 / 2 ) and divide the interval [0, |_£~ 1 / 2 a fc ./V"J] into intervals of size [L2~ k N\. 
Furthermore, let 

L2- fc+1 ATJ-l 

Fk= (J Oil- 

3=1 

We have by the Markov property 

P Z[ T {e-y 2 a h N}2 < r {2-'=+ 1 Af}iU{0}i] 



LE~ 1 / 2 q fc iVJ 



LL2~ fc JVJ 

fl { r {iL2- fe 7V} 2 < r {2- fc + 1 Af}iU{0}il 
3=1 

I ;-l/2 a fcjVj 



I Le-V^fcwj I 

[ L-£-2- fc ivj J 

n 

3=1 

LL- 1 £- 1 / 2 (2a) fe J 

s n 

3=1 



u[ T {jL2- k N} 2 < r {2- fe + 1 AT}U{0} I T {(j-l)L2- fc Af} 2 ^ T {2- fe + 1 Af}iU{0} 



(38) 



for n sufficiently large. Let us show that 



for e sufficienlty small and L sufficiently large belonging to (2,e -1 / 2 ). To simplify notations, we treat 
the case j = 1, the other terms can be treated similarly. Consider w G (4, L 2 ), we have for z G {0} 2 P\Fk 



Kl-r {j L2-k N } 2 > r {2 - k+ i N}lU{0}l ] > P z jXi(w2- 2k N 2 ) £ (0, 2~ k+l N), r {L2 - kN}2 



> w2~ 2k N 2 ] 



> K\Xi(w2- 2k N 2 ) i (0,2- k+1 N)} - P z w [r {L2 - kNh < w2~ 2k N 2 }. 



(39) 



Using ([TJ), we deduce for sufficiently large n 

V u [X x {w2- 2k N 2 ) G (0,2- fc+1 iV)] 
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L2~'=+ 1 AfJ-l „ d 



^ [w2 -2k N 2\ d ,2 1. 6XP i " ^ | 11 ^ i " C * w2 -2k N 2 ) 

<7 3 / exp{-^ 2 U (40) 

for some positive constant 73 independent of w and n. Let 72/ the reflection with respect to hyperplane 
X2 = [L2~ k N\. To bound the term Pf, [ r {L2- fc Ar} 2 — ^2 _2fc iV 2 ] from above, we consider the following 
environment: 

_ f if £2 and y 2 < L^ 2_fc iVj , 

1 WRlxlVy otherwise. 

Let us denote by X the random walk in the environment Cj. By the same argument we used in 
Lemma [27T1 to yield ([9]), we deduce 

K[T{L2-KN h < w2- 2k N 2 } < 2Vl[X 2 {w2- 2k N 2 ) > L2- k N}. (41) 

Using (fTJ) to bound the right-hand side of (|41|) from above, we deduce for sufficiently large n 

K[r {L 2-^N h <^~ 2k N 2 ] 

~ Iu,2-*%J^ II E ex P { " C * 1^2-2^2 } E exp {- C2 w2 -^iV2} 



< 74 / exp 



{ " ^t 2 }dt (42) 



for some positive constant 74 independent of Lw l l 2 and n. Combining (|39|) . (|4Up and (|42|) we obtain 

exp j — ^-t 2 [dt-74 / exp { — ^ 2 [eft. (43) 

First, choose w sufficiently large such that 73 f 2 ™ w J 1/2 exp{—C2t 2 /2}dt < | and thus choose L suffi- 
ciently large in such a way that 74 exp{— C2t 2 /2}dt < \. We obtain 

P ^[ T {jL2- fc 7V} 2 > r {2- fe + 1 Ar}iU{0}J > 2' ^ 

Now using ([37D, ([381) and (jMD we have if e" 1 / 2 > L, 

/In Li" 1 £- 1/2 (2a) fc J 

Pl[TE k < r {2 - k+ i N}lU{0}l ] < . (45) 

Next, let us treat the term PZ[T~E k > (1 — 5)n\. Let r\ = /3 _1 e where /3 is a positive constant to be 
chosen later. Then suppose that e is sufficiently small such that r/e _1//2 a fc < 1 — 5 and divide the time 
interval [0, [(1 — 5)n\] into intervals of size [ri 2 e~ 1 a 2k n\ . Denoting by 

[e- 1 / 2 a k N\-l 

H(E k ) = J {j} 2 , 
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we obtain by the Markov property 
py[T Eh >(l-5)n) 



L(l-<5)n] 



T Ek £ (J ((* - 1) b? W fc nJ , i [ V 2 e~ l a 2k n\ 



i=l 



1(1 



L 7 ? £ " 



I 



II ((i-lJL^^nJ.iL^e-^nJ] | r Ek £ (0, (i - lJ^e^A 

L(l-5)(r ?£ - 1 /2 Q ,fc)-2j 



t=l 



< ( max Pi[r Ek >^e 



(46) 



for n sufficiently large. We now bound the term P£[TE fc > V £ a n ] from above uniformly in 
z G H(Eh). Using ([!]), we have for sufficiently large n 

>r ? 2 e" 1 a 2fc n] 



< P^X^e- 1 A) € H {E k )\ 
Ci 



< 



Yrj 2 e~ 1 a 2k n\ d / 2 



2 [e-^a k N\-l 2 

' 2 — l 2fc I exp <^ - C2 2 , 2 , 

x 2 =-\e- 1 / 2 a k N\+l 



/2er) 1 f C "1 

exp \ - — V \dt 
-2E7/- 1 1 - J 



where 75 is a positive constant independent of er] 1 and n. Since er/ 1 = /3, choose /3 small enough 
such that 

C2 ,2 ' 
V, / exp i - — i 



/" 2/3 r C2 2 i , 1 



For e sufficiently small such that rje 1 l 2 a k < 1 — 5, we obtain using (j4U 



P^[r Efc >(l-<5)n]< (-^ 



(47) 



-72 



Combining ([55)1 . (jlS) and flUJ) we obtain 

00 

PuK n (n fc > x G fc ) c I A«] < ^ 7 i^ 72 2 fc72+1 e 

fc=i 

Since a E (1/2, 1), the series above converges. Let 5 = e 1 ^ 2 , we have for e < 1/4 

00 

p w [£o 5 n (n fc >iG fc ) c I A n ] < ^ 7l ^ 2 2^ +1 e 

fc=i 

Let 

In L- 1 e- 1 /2( 2a )fc /lx i( /9 2 £ -i Q ,-2fc ) 



-72 



1 \ L- 1 £- 1 /2( 2a )fc (l-<5)(/3 2 e -i a -2fc) 



+ (r " 



)■ 



fc( e ) : = ^ 7l ^2 2 fc72+i £ -72^ 



fe=i 



+ l 2 
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By the Lebesgue dominated convergence theorem, we have e 2 h{e) — > as e — > 0. Using (|34[) and 
Lemma 12.21 (since 5 = e 1 ' 2 ) we have for e < 1/4 

P w [B s n ( p| G k ) I A n ] > 1 - /(e) - fc(e). 
fe>i 

This last term tends to 1 as e — >• 0. Now, take g'(e) := /(e) + h(e) to show (f33|) and therefore 
Lemma 12.31 □ 



3 Proof of the UCLT 

In this section we prove Theorem ll.il The proof is similar in spirit to the proof of Theorem 1.2 of [8j, 
nevertheless it is greatly simplified in the present case by the use of the heat kernel upper bounds. 
In order to take advantage of the natural left shift on the space C(R+) of continuous functions from 
M + into R rf , we will rather prove Theorem 11.11 for Z n assuming values in C(R+) instead of C([0, 1]). 
Then, the result for Z n assuming values in C([0, 1]) will be easily obtained by the mapping theorem 
(cf. [3]). Let <£^((7(R+),R) be the space of bounded uniformly continuous functionals from C(R+) 
into R. In this section, we write W for a d-dimensional Brownian motion. The first step is to prove 
the following 

Proposition 3.1 For all F G <E£(C(R + ),R), we have F-a.s., for every H > 0, 



lim sup 



Eg^[F(Z n )}-E[F(W)] 



0. 



Fix F e ££(C(R+),R). We will prove that, P-a.s., for every i,H > 0, 



sup 



Eg x0J [F(Z n )}-E[F(W)] 



< e 



(48) 



for n large enough. Before this, we need to introduce some definitions and prove an intermediate 
result. For all e > 0, let us define 

T w (e) = minjn > 1 : |E w [F(Z m )] - E[F(W)}\ < e, for all m > n\. 

Let d be the distance on the space CV defined by 



d(/,« ? ) = ^2-" +1 min{l, sup ||/( S ) - g(s)\\\ 

1 s£[0,n] ' 



n=l 



with || • || the euclidian norm on R d . Now, fix i\ > 0, e > and let h > be sufficiently small so that 



P 



sup \\W(s)\\ >ei 



s<h 



+ P 



supd(6 s W,W) > ei 



s<h 



<£. 

- 2 



(49) 



Next, adapting section 3 of [8] we introduce the following 

Definition 3.1 For N £ N, we say that x G Z is (h,i,ii,£, N)-good, if 
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Pe x 



sup s</l |Z m (s)| < ii,sup s<h d(6 s Z m ,Z m ) <£ x >l-e, for allm> N. 



We now show that starting from a site x G [—H^/n,H^/n\ d , with high probability, we will meet a 
(h, £, ii,e, n)-good site at a distance at most h l l 2 yfn before time hn (unlike as in [8], there is no need 
here to introduce the notion of a nice site since by (pQ), every point in [—H*/ri, H*/n\ is nice). We 
denote by Q e ^ the set of (h, i, ii, e, iV)-good sites in Z. 

Proposition 3.2 Fix e, e\, £ and H . For any e<i > 0, we can choose small enough h in such a way 
that we have P-a.s., for all sufficiently large n, for all x G [—Hy/n, H^/n} d 



Tg £ , n < hn, sup \\X(j)-X(0)\\ < h 1 / 2 ^ 

3< T S s ,n 



> 1 -e 2 . 



Proof. Fix e, £\ and e. Then we can choose sufficiently small h in such a way that for any e' > there 
exists iV such that 

P[0 is (/i,e,ei,£, AO-good] >l-ef. 
By the Ergodic Theorem, we have P-a.s. for all n > ni(u), 

\{x G [-2H^/n,2Hy/n\ d and x is not (h,i,e 1} e, iV)-good}| < 5 d e'H d n%. (50) 

Then, applying the Ergodic Theorem along the coordinates axis we deduce that the largest cluster of 
[—2Hy/n,2Hy/n\ d , denoted Clus, that does not contain any (h, e, £\ , e, A r )-good point is contained in 
a hypercube, denoted Cub, of side smaller than be'Hy/n. Then using (pQ), we can show that uniformly 
in x G Clus we have for sufficiently large n 

P*[rcius<= < hn] > P x jX(hn) G Cub c ] 

= l-P*[X(hn) G Cub] 

r5e'Hh-V 2 



> 1-71 



exp 



eft 



(51) 



for some positive constant 71 independent of e'Hh l l 2 and n. Thus, choosing e' sufficiently small in 
such a way that be' H < h 1 / 2 and 



exp{-^VU Y<e 2 , 
-bs'Hh-^/' 2 L 2 i / 



71 



we obtain 



This concludes the proof of Proposition [3? 



rg £ , n < /m, sup \\X(j) - X(0)|| < h 1 ' 2 ^ 

3< T S s ,n 



> 1-E 2 . 



□ 



Proof of Proposition \3.1{ Let us prove (|48p . Without loss of generality, suppose that a = 1. Let 
s G [— .ff \/n, iJ\/n] . I n this last part, for the sake of brevity, we denote by Q the set of (h, £, £i,e, n)- 
good sites. Let us denote 



R :-- 



E 6xUJ [F(Z n )]-E[F(W)] 
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We start by writing 



R < 



E e JF{Z n )-E e [F{Z n )]\ + E e JE e [F{Z n )\- E[F{W)\ 



u + v. 



First, taking £ < § we obtain 



(52) 



(53) 



by definition of a (h, £, £i,b, n)-good site. It remains to treat the first term of the right-hand side 
of (|52p . Denote X' := X — x. Now, observe that by the Markov property 



U 



< E, 



E^ F(Z")-E, 
E<^[F or-Fo ^(Z" - n-^X')] 

n 

F o Z n — F o 9rg_ (Z n - rC^Xl 



Q ' 



(54) 



We are going to show that for n sufficiently large we have uniformly in x E [—Hy/n, H\/n] c 



F o Z n - F o Org (Z n - n- l l 2 X' ) 



<£ 
~ 2 



for suitably chosen h,£i,s. Let M n := Z n — n 1 ^ 2 X' Tg . Since F is uniformly continuous, we can choose 



T) > in such a way that if d(f,g) < r\ then \F(f) — F(g)\ < | . Then, we have 



FoZ n -Fo9r g M n 



+ E^ 



Fo Z" 1 - FoOrgM 11 

71 

FoZ n - FoOrgM 



l{d(Z n ,9rgM n ) < T]} 

n 

l{&{Z n ,9rgM n ) > T]} 



< - + 2||F|| 00 P^ (J 



d(Z n ,9r_gM n ) > 77 



(55) 



Let h < 1, we have 



<p0,a 

+ P6 



d(Z",0 I£ M n ) > 77, re < /m + P^[r g > /m] 



sup ||Z n -^M n || > J,r g < hn 



d{9rgZ n ,9igM n ) > ±tq < hn +Pe tU [Tg>hn]. (56) 



Let T Tg be the cr-field generated by X until time tq. We first decompose the first term of the right-hand 
side of (|56p in the following way: 



sup \\Z n - 9r_g_M n \\ >-,rg< hn 



te[a,n- l T S ] 



sup 

telO^rg] 

sup 

te[0,n- 1 rg] 



\z n \\ > 

4. 

|Z n || > ? 



SUP \\9rg_M n \\ > -f 
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+ Ea w Pa 



sup \\9rg_ M n \\ > - I T Tg 
te[o,h] n 4 



Pft. 



sup 

tSlO.n-irg] 

sup 

teto,?!- 1 ^] 



|Z n || > ^ 
4. 



|Z n || > 



sup ||M n || > ^ 
te[o,/i] 4 

sup ||Z n || > - 
te[o,h] 



We now deal with the second term of the right-hand side of 



d(0T JL Z n ,d'igM n ) >^-,rg< hn 

n n 2 



= p 6^ 



sup 
sup 
sup 



+ P^oj 

V 
4 

4 
4 



d(9rg M n ,6%M n ) > 7,rg < /in 



7] 



\z n \\ > 2 



lz n ll > - 



|Z n || > ? 



+ E^(l{r < /m}P e ^ d(%M",4r) > 7 I ^ 



(57) 



+ Ee x Jl{r g < hn}Pg d(Z n ,6^Z n ) > ± 

\ Q L n 4t 



(58) 



Combining (|56|) . ([57]) and (|58jl . we obtain 



9 x ui 



d(Z n , Q^M n )>n < Pg^Tg > hn] + 2P e ^ 



sup 

te^n-Wg] 

sup \\Z n \\ > 2 
te[o,/i] 4 



|Z n || > 5 
4. 



+ l{r g < hn}? 6xr u d(Z n ,^ I£ Z n ) > ■ 

On one hand, by definition of a (/i, e, £1, £, n)-good point we can choose £\ = w/4 and e < £"(32||P| 
such that for h sufficiently small we have uniformly in x 6 [— H^/n, H^/n\ d , 



(59) 



sup ||Z n || > j 
te[o,h] 4 



+ l{r g < hn}V 9 d(Z n ,9^Z n ) > i 



< 



32 LP 



(60) 



for all sufficiently large n. On the other hand, by Proposition ^. 2\ we can choose e small enough in such 
a way that, for sufficiently small h such that /i 1 / 2 < n/A, we have uniformly in x £ [— H^/n, Hy/n] d , 



?e x u,[Tg > hn] < 



£ 



32 LP 



(61) 



and 



0a: W 



sup 



iz n || > ? 



< 



32IIPII 



(62) 



for sufficiently large n. Combining (^O j) . ([gl ]j . ([62]) with ([55 ]) . ([5B ]> . ([55 ]) and ([51 ]) . we have U < e/2. 
Together with (j53[) and ([52]), we obtain that R < e which concludes the proof of Proposition 13.11 □ 

Denote by (£&(C(R+),R) the space of bounded continuous functionals from C(R+) into R and by 
B the Borel cr-field on C(R+). The next step is the following proposition, its proof follows essentially 
the proof of Theorem 2.1 of [3] (cf. also Proposition 3.5 of [8]). 
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Proposition 3.3 The following statements are equivalent: 
(i) for any F G t b (C(R+),R), we have F-a.s., 



lim sup 

n ~^°° x£[-Hy/K,HyfiI\ d 



E exU] [F(Z n )}-E[F(W)] 



(ii) for any F G ££(C(K + ), R), we have F-a.s., 



lim sup 

n ^°° x£[-H^E,H^E\ d 



Ee xU] [F(Z n )]-E[F(W)] 



0; 



0; 



(Hi) for any closed set B, we have F-a.s., 



lim sup sup Pg xU [Z n G .B] < P[W G B] 

n->oo x e[-Hy/n,Hy/n\ d 



(iv) for any open set G, we have F-a.s., 



liminf inf Pe xU] [Z n G G] > P[W G Gl; 



(v) for any A G B such that P[W G dA] = 0, we have F-a.s., 



lim sup 



P 9xUJ [Z n € A] - P[W G A] 



0. 



Finally, we have Proposition 13.41 which is completely similar to Proposition 3.6 of |8j. 
Proposition 3.4 The following statements are equivalent: 

(i) we have F-a.s., for every open set G, 

liminf inf Pq L0 [Z n G G] > P[W G G]; 

n->oo xe[-H^n,H^n] d 

(ii) for every open set G, we have F-a.s., 

liminf inf Pq J\Z n G G] > P[W G G], 

n^oo xe[-H^n,H^n\ d 

Proof, (i) (ii) is trivial. Let us show that (ii) => (i). Suppose that there exists a countable family Q 
of open sets such that for every open set G there exists a sequence (O n )n=l,2,... C G such that lo n t 1g 
pointwise as n — > oo. By (ii), since the family Q is countable we would have, P-a.s., for all O G Q, 

Pe x .[Z n G O] > P[W G O}. 



lim inf inf 

rwoo a; e[--fi'v / ":- H "v / n] 



(63) 



Then, the same kind of reasoning as that used in the proof of Proposition 13.31 to prove (ii) => (hi) 
would provide the desired result. The fact that Q exists, follows from the fact that C(K+) is separable. 
□ 

Proof of Theorem \l.l[ One can check that it is straightforward (using the same arguments as in the 
proof of Proposition 3.3) to deduce a Portmanteau theorem for statement (i) of Proposition 13.41 That 
is, one can prove a proposition similar to Proposition 13.31 in which the positions of the terms "for any 
. . . " and "P-a.s." are exchanged. To conclude the proof of Theorem ll.il it remains to show that (ii) of 
Proposition 13 .41 holds . By Proposition [3731 (ii) of Proposition [3741 is equivalent to (ii) of Proposition 13731 
Since by Proposition 13.11 (ii) of Proposition 13.31 holds, the proof of Theorem II .11 is complete. □ 
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4 Proof of Theorem 11.21 

In order to prove Theorem 11.21 we first show convergence of the finite-dimensional distributions and 
then, in Section B~2| we prove the tightness of the sequence (P UJ [Z n G • | A n ]) n >i. For e G (0,1), we 
recall that N := \ L Ey/n\. 

4.1 Convergence of finite-dimensional distributions 

First, let us prove 

Proposition 4.1 We have F-a.s., 



50 e 2 



lim P U [Z?(1) >«i,..., Z n d {\) > u d | A n ] = exp(-«?/2) TT / -=df, (64) 

/or aZZ-u = (tii,...,n d ) G M+ x R^ 1 . 

Proof. First, we introduce some notations. Let 

D u = {x G R d : xi > ui, . . . , x d > u d ] 

and 

with C*6 from Lemma [231 We also define the event A$^ R = {r Ren < Ttq^}- We start by bounding the 
term P u] [Z n (l) G D u \ A n ] from above. Fix e G (0, au\ A 1) and consider the following decomposition 



P w [Z n (l) G D u | A n ] < —L-lp u [Z n (l) g D u ,A ^ R ,A n ] + P w [A^ R ,A n }\ 

Fuj I *-n. I ^ ' 

^[^(1) G D u ,A ^ R ,A n ,T Ren < e l/2 n] 



P^[An] 

+ P UJ [Z n (l) G D tt ,i4 -+Ji,A n ,TR Bin > e 1/2 n]) +? W [A^ R \ A n ] 

< (P w [A„])- 1 P w [Z n (l) G D u ,A ^ R ,A n ,r Re>n < e^n] +P u [t r ^ > e^n \ A n ] 
+ P„[A c ^ R \A n ]. (65) 

Since e 1 / 2 G (0, 1), we have 

Pu>[A^ R | A n ] = P w [rR, iB > r+ }i | A n ] < P^tr^ > n | A n ] < P w [rR, iB > e 1/2 n | A n ]. (66) 
Then, using the Markov property, we deduce 

(P w [A rt ])- 1 P w [Z"(l) G D u ,A ^ R ,A n ,r Rstn < e^n] 

= F^TT S E P w [Z"(l)G J D u ,A ^,A n ,T^ n =j,X(T^J = y] 

= F70 S E P w [^ n (l)G^ ) A n |r Reiri =i,Ao^,X(T^J = 2 /] 

X PwtTRe- = j, A)^R, X(T fi ) = y] 
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= F70 £ E P^[^(l)G^,A n _,]P a; [r /?£in = J , J 4 ^,X(r^J=y] 

^ P pt A T ] ™ R ax P^^'W G A,,A n _,]. (67) 

Again, using the Markov property, we have 

= Yl P <^ A ™ I TR ^ = J' a o^r,X(t Rs J = y]P u [T Ren = j, X(T Ren ) = y \ A ^ R ] 

> min P^[A n ]. (68) 
Combining ([65]), ([66]), ([67]) and (J68|) we obtain 

p„[ Z »(D 6 a, i a„] < ■^■■^<gyg»^ + 2p > el/2n 

(69) 

Now, to bound the term P w [TR eft > e 1//2 n | A„] from above we write 

P,h,„ > e 1/2 n | A n ] = P w [r Reiri > e 1/2 n,r {7V}l < e 1/2 n | A n ] + P w [tr, iB > e 1/2 n,r {N}l > e l/2 n | A„] 

< P w [ max sup \Xi(j)\ > C 6 e- 1/2 N | A«| + P^[t {jv}i > e 1/2 n | A n ]. (70) 
UeMj< T{JV}i J 

By Lemmas 12.21 and 12.31 we have 

limsu P P w [r Re n > e 1/2 n | A n ] < f{e) + g{e). (71) 

So, we obtain P-a.s. 

max we p _ max- < ,i/2„ PZ\Z n ~^ (1) G ZL, A n _ ? -1 
limsupP w [Z"(l) G A, | A n ] < limsup J ~ " L^. ^ + 2/(e) + 2 5 (e). 

(72) 

By definition of Z n , we have 

F*[A n ]=P»[^(l)>0,t€[0,l]]. (73) 
Thus, from Theorem 1 1.1 1 we obtain, recalling that W\ is the first component of W^ d \ 



lim min P^, 



Z?(t) > 0,t G [0, 1] = P ea 1 min WUt) > 

= P[\Wx(l)\ < sa- 1 ] 
2e 



crV2vr 

as e — > 0, where P x is law of W^ d ' starting at x. Now, let us treat the term 

max max P^[Z n ~^(l) G D u ,A n _j]. 
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+ o(e) (74) 



Fix 8' > and let sign{x) = — 1 if x < and 1 if x > 0. Denote by 

£/» := |Xi(n - [e 1/2 n\) > a(m - sign(ui)8')y/n^ 

and 

Vi := { max \Xi(n - [e l/2 n\) - X^n - j)\ > aS'y/n} 
for i = 1, . . . , d. Observe that we have for y £ i? £jn and j < [e 1//2 ^J 



(75) 
(76) 



Pl[Z^(l) e A n _,-] < P» [ f|(C^ U Vi) n A n _ L£l/2nJ 



Let us consider the set X = {U\, . . . , f/d, Vi, . . . , Vd} and denote by J the set formed by all intersections 
of d distinct elements of X: J contains ( 2 ^) elements. Let us denote by J±, . . . , J/2<a all the elements 

of J . Therefore, we obtain 



max P*[Z? j eD u ,A n ^]< ^ P^U,A n _ Le i/2 nJ 



(77) 



i< 



Let us treat the term P^,[nf =1 C/j, A n _^i/ 2n j]. We have by definition of Z n 



^[H^iAn-L^nJ 
i=l 



< P^H {zr L£l/2nJ (l) > («, - Si gn( Ul )5')},Zr l£l/2nl (t) > 0,t E [0,1] 



i=l 



By Theorem ll.il we deduce 



limsup max P| A , e i/ 2 „| 

i=l 



< piT^/l-E 1 / 2 



Wi(l) > (m - sign(ui)5'),mm Wi(t) > 



d gee 



1/2 



(78) 



i=2 



Abbreviate e' := e(l — e 1 / 2 ) 1 ^ 2 and let us compute the first term of the right-hand side of (|78p for 
sufficiently small e. By the reflection principle for the Brownian motion, we have 



pe'a- 1 



Wi(l) > (tii - signing'), mm_^ Wi(t) > 



Wi(l) > (ui - sign{u\)5') 
Wi(l) > (ui - sign{ui)8') - e'er' 1 

[ /■(ui-sjgn(Mi)<5')+e'<T _1 ^2 



P 



Wi(l) < -(ni - sign(ui)8') 
W X {1) < -(ui - sign{u x )8') - e'er" 1 ) 



27T J (u\—sign(ui)&')—e' c 

Therefore, we obtain, as e — > 



e 2 <ix. 



limsup max P^ [ |"| U i: A n , £ i/2 nJ 

?=1 
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The other terms P^[Jj, A n _i e i/a n j] necessarily contain a term Vj for some j £ [1, d}. Thus, we have 

for Jj + ri =1 Ui, 



Let us bound the terms limsup n _ 5 . 00 max^g^ n P^[V^] for j G [1, d]. We start by writing 
Pi [^] = p l \ max l^i ( n ~ [e 1/2 n\ )- Xj{n-i)\> aS 'y/n 



<pz 
+ Pt 



max 

n— [£ 1//2 nJ <^<r 



Xj(k) - Xj(n - [e 1/2 n\] > a5'^ 



max (Xj(k) — min Xj(l)) > ob' \fn 

n-ls 1 / 2 n\<k<n^ n-le 1 / 2 n\<l<k ' 

min (Xj(k)— max Xj(l)) <—a5'\/n 

In-le^njKkKn ^ n- [e 1 / 2 ^ <l<k ' 



max \Z n At)- min Z"(s))>5' 



l-eV2<t<l 



mm 

l-e 1 /2< i <i 



l-e 1 /2< s <i 



max Z"(s) ) < -5' 

l\ 1 !- £ l/2 <s<t / 



By Theorem II .14 we obtain 

lim max P^J max (z?(t)- min Z™(s))>5' 



max \WAt)- min W,-(s) > 5' 

i_ £ i/2< t<1 V JW i_ e i/2< s<t JV V 



and 



lim max P^, 



l-e 1 /2< t <i 



min ( Z?(t) - max Z"(s) ) < -5' 



l-E 1 /2< s <i 



min (W,(i)- max W,-(s))<-5' 

Ll- e l/2< t <lV l-eV2<s<t / 



(80) 



(81) 



(82) 



Observe that the right-hand sides of (|8ip and (|82p are equal since (— W}) is a Brownian motion. Thus, 
let us compute for example the right-hand side term of ()81 j) . First, by the Markov property and since 
this event is invariant by space shifts, we have 



max \WAt)- min WAs) > 6' 
i_ e i/2<t<i V JW i_ £ i/2< s<t Jy ') 



P 



max W 7 -(t) - min WAs) > 5' 



By Levy's Theorem (cf. [13] , Chapter VI, Theorem 2.3), we have 



P 



0<t<e 1 /2 



max [Wj(t) - min Wj(s)) > 5' 



0<s<t 



p 



max \WAt)\ > 5' 
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Then, 



P 



max \Wj(t)\ > 5' 



<2P max WAt) > 5' 
Lo<KeV2 ■■>-■■ j L <t< £ i/2 

<2P[\W 3 (e 1 l 2 )\>5'] 
< AP[Wj(e 1/2 ) > 5'}. 

Using an estimate on the tail of the Gaussian law (cf. [12] , Appendix B, Lemma 12.9) we obtain 

r/\2 



P 



max \Wj(t)\ > 5' 



4^/4 
< . exp 



<5V2tt 



2e 1 /2/- 



Thus, we find 



limsup max P^[V,-1 < ■== exp \ 7777 ?• 



We finally obtain 



^2 



}■ 



To sum up, combining (fT2" |) . (ffijl . ([77|>. ([79D, ([80]), and ([83]), we have P-a.s. 
limsu P P w [Z n (l) € D„ I A n ] 



(83) 



2ee 



< 



a\J 1-e 1 / 2 



ddt + ( 2d ) 8del/4 exD I 



2e 



+ o(e) 



cr V2lr 

+ 2(/( £ ) + <?(£)). (84) 
Let us now bound the term P w [Z n (l) G D u | A n ] from below. We have by the Markov property 
P„[Z n (l) G £> w I A n ) 

> 



> — ^prP^^Cl) G D u ,A ^ R ,A n ,TR £tn < 



L "-J 

E P£[^ n - i (l)€D B ,A^.,-]P w [i4o- > Ji,7 S . iI1 



= j,X(r Rsn ) = y] 



> 



mln mm ^(1)^,,^]. 



P^[An] 



(85) 



We first decompose the term (P w [A n ]) 1 P tJ [^4o^R ) T iJ en — s 1 ^ 2 ^] m the following way 

P W [An] P W [An] P w [A n ] 
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^^(l-MT Re , n >e^n\A^ R ]). (86) 



Then, we write 



(87) 



D r 1/2 I a i g^b^n > e 1/2 »,4)->fl] 

> e 7 n | Ao-.fl] = —j- = 

< P;^[r^» >£ 1 / 2 n,A £l/2n ] 

Pw[A)->-.R> Agi/aJ 
= P ^k,„ > g 1/2 ^ I AgVaj 

Pw[^o->/? I A £ i/2 n ] 

^ > g 1/2 ^ I AgVaj 

l-P W [^§-,fl I A e x/2„] 

For the term P £i; [TR en > e 1//2 n | A £ i/ 2n ], we have, recalling N = [ey/rij, 

Pu,[T Re , n > e 1/2 n | A £l/2 J 

= P^[^ e , n > e 1/2 n,r {7V}l < e 4 / 2 n | A £ i /2 J + P w [r Re>n > e 1 / 2 n,r {JV}l > e 1 / 2 ™ | A £l/2 J 

< P w max sup > C 6 e~^N | A £l/2n + P w [r iA r }l > e 1/2 n | A £ i /2 J. 

Lie[2,d] i < r{iV}i J 

By Lemmas 12.21 and 12.31 we deduce 

limsu P P w [7S. iB > e 1/2 n | A £l/2 J < 5 (e 3 / 4 ) + /(e 3 / 4 ). (89) 

Indeed, for e > fixed let n' = [e 1 ^ 2 ^ . Since N = [s\^n\ behaves like e 3 ^\/r}/ as n — > oo, we have 
limsupP^TiAr^ > e 1/2 n | A £ i /2 J = lim sup P w [Tr e 3/4^7| > n | A n /]. 

n— >oo n'->oo 

Then since e < 1, we have applying Lemma 12.21 

limsupPulTM/v^ > «' I A n /] < limsupP w [r {£ 3 /4v ^7 }i > e 3/8 n \ A n >] < /(e 3/4 ). 

For the first term of the right-hand side of (|88p apply the same reasoning as above. 
For the term P w [Aq_^ r | A £ i/ 2n ], we write 



Pu>[A c Q _> R | A £l/2n ] = P^tr^ > r+ }i 



A. 



{0}i I "eV^nJ 

< Pc[rij £ , n > e 1/2 n I A £l/2 J. 

Hence, by (f89j) we obtain 

limsupP^A^ | A £l/2 J < /( e 3 / 4 ) +5 ( e 3 / 4 ). (90) 

n— >oo 

Going back to the term (P w [A n ]) -1 P^L4o_j..R] in ([86]) . we write 

Pu[Aq-+r] = Puj[A ^r] 

P^ [A n ] P w [A n , A ^r] + P,, [An , A^ R ] 
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1 

P w [A n | A Q -m] + P ul [A n ,A c Q ^ R ]{P u) [A ^ R ])- 1 



1 

> 



P w [A n | Aq^ r ] +P LU [A n ,A^ R ](P UJ [A n ,Ao^ R ])- 1 

1 



(91) 



P w [A n | Ao-m] + Pu[A^ R | A n ](l - Pu,[A°^ R \ A,,])- 1 ' 
By (|7ip . we have 

lrmsupP^LA^ | A n ] < lira sup P^tr, >B > e 1/2 n | A n ] < f(s) + ff (e). (92) 

Then, we have by the Markov property 

P w [A n | A ^ R ] < P u [A n ,T R ^ n < e 1/2 n \ A ^ R ] + P w [TR, >n > e 1/2 n \ A ^ R ] 

< max max P» [A„_j] + P^r^ „ > e 1/2 n \ A ^ R ] 
yeRe,n jXeVa 

< max P^ [A n _ L£l/2nJ ] + P w [r^ n > e V2 n | A ^ R ] . (93) 



Thus, by ([91]), (J93D, fl87]), qBSH, ©, and ([92]), we deduce 

..^1 pyr . /(£ 3/4 )+ (£ 3/4) f(e)+g(e) 
limmf p r a j ^ hmsup max P^[A n _ Lel/2nJ ] + 7 - T7r: + 



n— s>oo 



/( £ 3/4)_ 5 ( £ 3/4) l_ /(£ )_ ff ( £ ) 



(94) 

Combining ([55]), ([86]), (JSSJ) , (JSOJ, and we obtain P-a.s. 
liminfP w [Z n (l) € A, | A„] 

n— »oo 

" l^X^^^^J 1 + 1-/(^-^3/4) + l-/( g )- g(g ) 
/(e 3/4 )+ ^ £ 3/4 ) 



X 1 



l-f(e^)-g(e^) 



xliminfmin min py\Z n ~H\) e D u , A„_,-l. (95) 



Analogously to ([71]) we have 



lim max P^[A n _ [£l/2nJ ] = P°V^ [ min ^(t) > 

n— >oo y£K e , n L J L0<<<1 

= P[|Wi(l)| <6a- 1 (l-e 1 / 2 )- 1 / 2 ] 
2e 



cr 



^(1-^2) 



+ o(e). (96) 



At this point, let us introduce more notations. Let 5' > be the constant used in the definitions of Vi 
and Ui (cf. ([75]) and ([75]) ) and introduce 



£Ij = jXj(n) > <r(uj + sign(ui)5')\/n 
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and 

Fi = I max \Xi(n) - Xi(n - j)\ < oS'^/n \ 

for i G [1, dj. Observe that for all y G R e , n an d J < L e ^ 2n J we have 

d 

1=1 

>py[f]E i: A n ] -"£py[Ff\. (97) 

i=l i=l 

By Theorem 11.11 and similar computations as those to derive equations ([79]) and (]83]) , we obtain 
lirn min P^H^aJ = {-^=e~ + o(e) ) ]J f° f3«ft ( 98 ) 



as e — > and 

d 8cfc 1//4 r W) 2 ~i 
lim sup max V P^ [K c ] < — exp \ - ^—f- \ . (99) 

i=i 



Combining ([95]), ([96]), (|98]1 . and (|59]> . we obtain P-a.s. 
liminfP w [Z n (l) G D u | A n ] 

n— >oo 

> / 2 £ /(£ 3/4 )+g(£ 3/4 ) /( £)+ff ( £ ) x-i 

" \oy/2*(\-eW>) 1 J l-/(e 3 / 4 )-3(e 3 / 4 ) !-/(£) -5(^)> 

/(£ 3/4 )+5(£ 3/4 ) 



l-f(e^)-g(e^) 

(100) 

Finally, take 5' = e 1/8 and let e in §M§ and (fTOOl) to prove □ 

The next steps in showing that the f.d.d.'s converge are standard and we follow [9] and [8]. We 
start by recalling the transition density function of the Brownian meander (see [H]) from (0, 0) to (t, x\) 

2 

q(0,0;t, Xl ) =t-V 2 x 1 exp(-^N(x 1 (l-ty 1 / 2 ) (101) 
for x\ > 0, < t < 1 and from (t\,xi) to (t 2 ,x 2 ) 

,N(x 2 (l -t 2 )- l/2 ) 

q{t 1 ,xi;t 2 ,x 2 ) =g[t 2 -t 1 ,x 1 ,x 2 )-=- — 

N(xi(l-ti) l / 2 ) 

for xi, x 2 > 0, < t\ < t 2 < 1, where 

•2\i/2 r v 
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for v > and 



g(t,xi,x 2 ) = (27r) 1/2 ( exp 



(x 2 - 
2t 



exp 



2t 



for x\, Xi > and < t < 1. 

Next, we will prove the following 
Proposition 4.2 VFe have F-a.s., for u\ > 0, — oo < < 6j < oo, i G [2,d] and < t < 1, 



lim P u 



i=2 



Z?(t) < Ul ,f){z?(t) G (ai.fei]} I A J = / g(0,0;t,i/)cfo J] / ' ^=du. (102) 



i=2 Jai 



Proof. For e > we have 



Z^n- 1 LntJ) < Ul - e, P {^(n- 1 LntJ) G (oj - £,64 + e]} | A„ 

i=2 

d 

Zi(t) < m, P jzf (f) G (aj,6i]| I A n 

i=2 

Z^n-HntJ) < ui +e, P {^(n- 1 ^]) G (a, + - e]} | A„ 



i=2 



(103) 



for all sufficiently large n. Now, suppose that we have for all u\ > 0, en < b{ and < t < 1, 



lim P^fz^n-HntJ) < u u P {z^rT 1 \nt\) G (a u b l ]\ | A„ 



i=2 



"1 







d r-bi 

q(0,0;t,v)dvYl 



i=2 " Ui 



e at 
V2vft 



dv. 



(104) 

Combining (|103[) and (jl04f) . we obtain (|102|) since the limit distribution q(0, 0; t, x{) is absolutely 
continuous. Let us denote by I = l(t,n) the quantity (ra[nij ~ 1 ) 1 / 2 . We recall that x is the vector of 
coordinates (xi, . . . , xj). Then, observe that 

d 

2%(jC x \nt\) < ui, p {Zf (n-Hn*J) 6 | A n 

i=2 

1 ^ 

= -^-prPjz^l) < /n l5 p |z} ntJ (l) G (laulbA^n^Xiik) > 0, LniJ < k < 



n 



i=2 



1 [ U1 [ lb2 . . . [ Wd Pw r^L»tJ (1) e ^ A r z |ntj (1) G dx .\ AnuXl ( k) > 0i LntJ < k < 

[A n J Jo J/a 2 Jla d L - =2 L J 

/ / • • • / P w Xi(fc) > 0, [nt\ <k<n\ Z[ nti (1) G dx x , f] { zj n ' J (1) G da* } 

P tt [4 ntJ (l)€cfa 1) f|{zJ- ,,tJ (l)€cix i }|A 

1=2 

Zj*(s) > 0, < s < 1 - riT 1 [ntj 



Pa, [A 



■/J 



p4M 

P W [A„] 7 



Za2 J la> 



xW [nt] 
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x P w [z[ ntl (1) G dx 1: f] [z\ nt] (1) G d Xl ] | A. 
By USED, (ZD, (IMD, and J2SJ we have P-a.s. 

P,.JA„ + 1 ^ 



rit 



lim 

n— >oo 



P ^ [Alt] _ y.— 1/2 

P^[An 



(105) 



(106) 



Using Theorem 11.11 and the first Dini theorem on uniform convergence, we obtain 



lim P, 

n— >oo 



Z?(s) > 0,0 < s < 1 - n _1 LntJ 



uniformly in z on every compact set of the form [0, if] x [— if, K] d . By Proposition 14.11 we have 

d d 

ilm P w [z} ntJ (l) < xi, f| {^(i) < ^} I = exp(-x?/2) \{ 



i=2 



i=2 



e 2 



dv. 



Now, applying Lemma 2.18 of [9] to (j!05|) . we obtain 

d 

lim P w fe(n- 1 LntJ) < u, f| {^(rrVj) G I A 

n— >oo L 1 1 L J 



i=2 







^ i/2 ^(^(A) 1/2 )^ e " s?/2 n 

j=2 



e 2 



W" 1 / 2 Jaat' 1 / 2 

Finally, make the change of variables y = t^'^x to obtain the desired result. 
The final step in showing convergence of the f.d.d.'s is 



dx\ . . . dxd- 



□ 



Proposition 4.3 We have F-a.s., for all k > 1, U{ > 0, -oo < a* < bj < oo, i G [l,kj, j G [2,d] 
and < t\ < t 2 < ■ ■ ■ < t k < I, 



K 

lim P w [ P| [Z?(U) < Ui, Z2(U) G (a|, bl\, . . . , Z2(U) G (4, b d }} | A n 



i=l 



j e 2t i e 



2(t2-'l) 



(sfc-gfc-l) 
2(*fc- t fc-l) 



n/ a i " ' " 7a* \/2tt?i y/2ir(t 2 -h)'" yj2v{t k - t k -x 



-.dx k . . . dx\ 



q(0, 0; h,xi)q(ti,xi; t 2 , y 2 ) ■■ ■ q{t k -i,x k -x;t k ,x k )dx k . . . dxi. (107) 

Proof. The proof is by induction in k. This result holds for k = 1 by virtue of (|102p . Suppose (|107p 
is true for k = m — 1, we show that it can be extended to k = m. Let t\ = n~ l \ tin\ and let 

A = {x G R d : xi < ui, oj < Xi < 6}, j G [2, d]} 

for i G [l,m]. We mention here that in this proof, y i for i G [l,77i] are all elements of M. d while yi 
for i G [1, m] belong to R. By the same argument as in the beginning of the proof of Proposition 14.21 
observe that 

m m—2 m 

lim P„ \C]{Z n {U) G A} | A n l = lim P w [ fl {Z n (U) G A}, P| G I A «l ( 108 ) 



8=1 



i=l 



i=m—l 
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provided that the limits exist. Then, we write for sufficiently large n 

m-2 



Pw[ Pi {Z n (ti) G Di}, P| {Z"(^)GA}|An 
i=l i=m— 1 

= / / Pu ) [^i)€ J Di,... ) Z"(t m _ 2 )G£) : 

Pw [A n i m _i] 



m— 2 j 



Z n (C_ l ) G dy™" 1 , G dy m ,X 1 {l) > 0, . . . , X x {n) > 



Po;[A n ] JDm-iJD. 



X pf^ 

By the induction hypothesis we have 



e . . . , z"(t m _ 2 ) g L> m _ 2 , ^(C-i) e */ m_1 1 Ant™.! 
> 0,0 < s < C - C-i, ^ n (4 - 4-0 e <V 

Zf(s) > 0,0 < s < ( 109 ) 



lim P a 

n— >oo 



Z n {ti) 6 Di Z n (t m _ 2 ) G An-2, Z n (t m _i) G Ara-i | A ntm l 



n// 



■ n J a J a 

3=2 3 3 



2 2 
m-1 *1 («2-«l) 

'j g 2 *1 g 2 ( t 2-'l) 



(Wm-l-«m-2) 
2 ( t m-l-*m-2) 



dy m _i . . . dyi 



,-1/2 ,-1/2 



g(0,0;ti/t m _i,yi)g(ti/t m _i,yi;t 2 /im-i,y2) • • • 
q(t m -2/t m -i,y m -2; l,y m _i)dy m _i . . . dyi. (110) 



On the other hand, by f|106[) we have P-a.s. 



Pn; [Ant m _J _ 1/2 
Pw [A n ] m— 1 ' 

Using Theorem 11.11 and the first Dini theorem on uniform convergence, we obtain 



(111) 



lim P r -1 ^ 



z?{s) > 0, < s < 4 - 4-i, z n (4 - 4-i) g £>r. 



d „6 



n/ 



1 m — 1 * 2 

(Vm-Vj ) 

2(t m — t m _i) 



3 e 



rfy m x / g{t m -t m -i,yT ,v)dv (112) 



uniformly in y m 1 on every compact set of the form [0, K] x [-K, K] d 1 , and 

lim Pf v^r z n (s) > o,o < s < 1 - 4I = N(y?(l - t m )' 1 / 2 ) 



(113) 



uniformly in y m on every compact set of the form [0,K] x [—K,K) d ~ l . Combining IjlUgjl . (fTU^ . (fTTUD . 
(TUT]) . (fTT2l . (fTT3|) . and using Lemma 2.18 of [9] twice, we obtain 



lim pJn{Z n (ti) G A} I Ar, 

11— »oo L 1 1 



i=l 
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/ " 6 j /" i e 2t i e 2 (*2-*i) e 2 (*™.-*m-i) 



IT / ••• / . — , = , , , — dx m . . . dx\ 



4-1/2 i- 1 / 2 
/•Um-1 rum /-"llm-i ru rn -2t m _ 1 

xt m -i / / ••• / q(0,0;ti/t m -i,yi)q(ti/t m -i,yi;t 2 /t m -i,y 2 ) ■ ■ ■ 

Jo Jo Jo Jo 

— 1/2 

q(t m -2/tm-l,ym-2l 1, 2/m-l* m _i )^2/m-l ■••^2/1 

i,y m _i,y m )iV(y m (l - t m ) 1/2 )dy m . (114) 

1/2 1/2 

Now, make the change of variables t^^yi = xi, . . . ,t r J l _ 1 y m - 2 = x m - 2 in (j!14j) to obtain (|107j) for 
k = m. □ 



4.2 Tightness 



In this section, to finish the proof of Theorem 11.21 we prove that the sequence of measures (P^Z 11 G 
• | A n ]) n >i is tight P-a.s. First, we define the modulus of continuity for functions / G C[0, 1]: 



where s, t G [0, 1] and 
P-a.s. for every e > 



w f (8')= sup {H/00 -/(i)||oo} 

I*— «| <*' 

is the oo-norm on R rf . By Theorem 14.5 of [TU] it suffices to show that 



limlimsupP aj [w2n((5 / ) > e | A n ] = 

S'i-0 n ->oo 



(115) 



since Z n (0) = 0. Now observe that 



P u [w z »(6')>i\A n ] = P u sup \\Z n (t)-Z n {s)\\ OQ >e\ A n 

\ts\<S' 



sup ||X(nt) — X(ns)||oo > eo^fn | A r 

\t-s\<2&' 



(116) 



for n > 2/5'. Let m := |_1 / 4*5' J and divide the interval [0,1] into intervals Ik := [^,^r], f° r 
< k < m— 1. Additionally, consider the intervals Ji := [^^, ^ ± ^], for < / < m - 2 and J m _i := 0. 
Observe that 

sup ||AT(ni) — X(ns) ||oo > ia\/n \ A r 

|t-s|<25' 



max sup 1 1 X(nt) — X(ns) | |oo > eo^fn \ 
fe<m-l s ,te4 J 

U s max sup ||X(nt) — X(ns)||oo > ea^fn \ \ A n 

I Km-1 „ t tEJi ' 



< m( max P u 

. fc<m— 1 



sup ||X(nt) — A"(ns) ||oo > EO\fn | A r , 



+ max P^ 

Z<m-1 



sup ||X(nt) - X(ns) ||oo > eery 7 ™ | A J ) (117) 



s,teJi 



with the convention that sup stg 0{-} = 0. Our next step is to bound from above the limsup n _ 5>00 
of both terms in parentheses in the right-hand side of (|117p . As an example, let us treat the terms 
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indexed by Ik for k G [1, to— 1]. The term indexed by Iq and those indexed by k G [1, to — 1] can be 
treated in a similar way. To do that, we will use the same approach as in the proof of Proposition ^, II 
Analogously to ([65]) we have for e G (0, 1) and 5 G (0, 1) 

sup ||X(ni) — X(ns)||oo > iay/n | A r , 

S,t&I k 



< (P w [A n ]) ?u sup ||X(nt) -X(ns)||oo > ia^/n, A ^ R , A n ,TR E n < 5nm 

1 s,t£l k 

+ ?u>[TR E , n > Snm- 1 | A n ] + V u [T Re n > e 1/2 n | A n ]. 
Analogously to ([67|) . we obtain 

(Pa;[A„]) _1 P w sup ||A(nt) - A(ns)||oo > ecrVn, A ^ fl , A n , t Rs n < bnmT x 
l s,tei k 



-i 



(118) 



< — — = — max max Pf, 

P^[A„] yefl B ,» i <Lfej 

Now, observe that for all sufficiently large n 



sup || X{nt — j) — X(ns — j)\\oo > eo^fn 
s,tei k 



max P*^ 

j<[^\ L s,tei k 



sup \\X(nt - j) - X(ns - j)\\oo > ia^ 



sup ||A(nt) — A(ns)||oo > iay/n 
s ,teP k 



(119) 



with /' = *±i1. Now, let Jl' = *±ll. By Theorem fTH and the estimate on the tail of the 



Gaussian law given 


in |12j. Appendix B, Lemma 12.9, we 


have 






limsup max 




sup A(ni) — A(ns) oo > ia^Jn 
l s,tei' k J 


< d 


P 


sup 

l s,tei» 



<8d-P 



1 + 35 



TO 



< 8d 



yl + 35 

f \/2vTTO 



> e 



| £ 2 to "i 
I ~ 2 + 65/ 



■ exp 



16d 

< — , exp 



2 + 65. 



since 5 < 1. We obtain 



limsup max max P^, sup \\X(nt — j) — X(ns — j)\\ OQ > eay/n 
n->oo yeR e ,n j< [^j ^-s,tel k 

Thus, we have bv ([55]) . (|7I ]) . (ITT5]) . and (fHTT) 



16d 

< — , exp 



r £^to "i 
I ~ ~8J 



(120) 



121) 



limsupP^ sup || X(ni) — X{ns) ||oo > ia\/n | A n 



< 



2e 



0-V27T 



+ o(e) 



1/ 16d 



-2 

£ TO 



e^/2 



: exp 



7TTO 



} ) + + fl^) + limsup Pa, [t^ „ > 5nm 1 | A n ]. 

(122) 
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Combining (fTT7|) and (fl~22|) we find 



lim sup P u 

n— >oo 



sup ||X(nt) — X(na)||oo > ioy/n | A r , 

|t-«[<25' 



, I6d ( i 2 m\ ( 2e n - 1 

< 2ml — , exp <, — \ [ — y== + o(e) 



£^/2irm ^ 8 J ^ay/2i: 
+ /(e) + g{e) + lim sup [r Re n > 5nm~ l \ A n 



(123) 



Then, let e = m~ 3 and 5 = rrT 1 / 2 in (fT23|) . We have by ([71]) 

lim sup P w [tr e n > SnmT 1 \ A n ] = lim sup P w [t£ £ „ > e 1/2 n | A n ] < f(m~ 3 ) + g(m~ 3 ) 

n— >co n— >oo 

Therefore, we obtain 



lim lim sup P a 



sup ||A"(n£) — A"(ns) ||oo > iay/n \ A n 
s,t&i k 



0. 



As i is arbitrary, m = [1/45'J, using (|116p . this last expression proves (|115p and consequently the 
tightness of the sequence (P UJ [Z n G • | A n ]) n>1 . □ 
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